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Abstract
Reporting about the Wigner formalism for describing Dirac spinor structures through a covari-
ant phase-space formulation, the quantum information quantifiers for purity and mutual infor-
mation involving spin-parity (discrete) and position-momentum (continuous) degrees of freedom
are consistently obtained. For Dirac spinor Wigner operators decomposed into Poincare´ classes
of SU(2) ⊗ SU(2) spinor couplings, a definitive expression for quantum purity is identified in a
twofold way: firstly, in terms of phase-space positively defined quantities, and secondly, in terms of
the spin-parity traced-out associated density matrix in the position coordinate representation, both
derived from the original Lorentz covariant phase-space Wigner representation. Naturally, such a
structure supports the computation of relative (linear) entropies respectively associated to discrete
(spin-parity) and continuous (position-momentum) degrees of freedom. The obtained theoretical
tools are used for quantifying (relative) purities, mutual information as well as, by means of the
quantum concurrence quantifier, the spin-parity quantum entanglement, for a charged fermion
trapped by a uniform magnetic field which, by the way, has the phase-space structure completely
described in terms of Laguerre polynomials associated to the quantized Landau levels. Our results
can be read as the first step in the systematic computation of the elementary information content
of Dirac-like systems exhibiting some kind of confining behavior.
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I. INTRODUCTION
Enlarging the access to elementary information features of physical systems without af-
fecting the predictive power of quantum mechanics, the Wigner phase-space representation
[1–4] of quantum mechanics has currently shed some light on the investigation of the fron-
tiers between classical and quantum descriptions of Nature [5–8]. Besides its ferramental
pragmatic utility demanded by optical quantum mechanics [9], in the theoretical front, the
Wigner quantum mechanics has also worked as a robust support for the non-commutative
quantum mechanics [10–19], for the description of the flux of quantum information in the
phase-space [20–23] and, more generically, for probing quantumness and classicality for a
relevant set of anharmonic quantum systems [22, 24, 25] as well as for quantitative modeling
beyond the quantum physical framework [26].
Recently, the framework has also been investigated in the context of lattice regularized
quantum field theories and of lattice models of solid state physics [27–29], from which a
subtle connection with Dirac quantum mechanics is implied. In fact, the extension of the
Wigner phase-space formalism to relativistic quantum mechanics, namely to the spinor space
of Dirac equation solutions, was firmly stablished some decades ago [30–32]. Gauge invariant
relativistic quantum equations for fermionic Wigner operators were obtained from quantum
electrodynamics and expressed through a complete spinor decomposition procedure [30–33].
Motivated by such a Dirac-Wigner formalism for describing spinor structures – through
which a covariant phase-space derivation of Dirac equation solutions can be provided – in
the present work, the quantum information quantifiers for purity and mutual information
involving spin-parity [34–36] and position-momentum degrees of freedom shall be consis-
tently obtained. For Dirac spinor Wigner operators decomposed into Poincare´ classes of
SU(2)⊗ SU(2) spinor couplings, a definitive expression for quantum purity shall be identi-
fied in a twofold way: one in terms of phase-space positively defined quantities and another
one in terms of the spin-parity traced-out associated density matrix in the position coor-
dinate representation. Such equivalent results are derived from the original phase-space
Wigner representation and, as expected, the complete structure that supports the com-
putation of relative (linear) entropies respectively associated to discrete (spin-parity) and
continuous (position-momentum) degrees of freedom shall also be identified.
Of course, this proposal involves the framework of quantum correlated states of spin
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and parity degrees of freedom written as the ground representation of the SU(2) ⊗ SU(2)
symmetry1, through which the Dirac spinor structures reflect the SU(2)⊗SU(2) spin-parity
intrinsic properties of Dirac fermion free particle solutions. In this case, for free particle Dirac
spinors in the coordinate space, the Hamiltonian equation expressed in natural units (i. e.
with c = ~ = 1) reads
H ψ(x) = i
∂ ψ(x)
∂t
= (−i∇ ·α+mβ)ψ(x) = (−iαi∂i +mβ)ψ(x) = ±Ep ψ(x), (1)
where Ep =
√
p2 +m2 are the eigenvalues and “x” is the short notation for the quadrivector
xµ. The so-called Dirac matrices (in their Dirac representation) – the matrix operators
α = (αx, αy, αz) and β obeying the anticommuting relations, αiαj + αjαi = 2δijI4, and
αiβ + βαi = 0, for i, j = x, y, z, with β
2 = I4, where IN is the N -dim identity matrix
– can be decomposed into tensor products of Pauli matrices [34], σi, as αi = σ
(P )
x ⊗ σ(S)i ,
for i = x, y, z and β = σ
(P )
z ⊗ I(S)2 such that one can recover H in terms of Pauli matrix
Kronecker products as
H = p · (σ(P )x ⊗ σ(S)) +m(σ(P )z ⊗ I(S)2 ), (2)
with the superscripts S and P referring to degrees of freedom of spin and parity, in a
picture that supports the interpretation of Dirac state vectors as double-doublets of the
SU(2)⊗ SU(2) [34, 36–38].
Given that Dirac-like systems with the intrinsic information content supported by the
above structure have been considered in the emulation of the relativistic quantum mechanics
properties for several platforms mimicking low energy physics [36, 37, 39], the investigation
of how to suit a localizing description of Dirac spinors in the phase-space representation of
quantum mechanics is a pressing issue which give reasons to our interests in describing the
elementary information content of localized Dirac spinors in the Wigner framework.
From an enlarged overview perspective, quantum information quantifiers for quantum en-
tanglement and decoherence have already been tested through Dirac-like systems emulated,
for instance, by trapped ion platforms adapted for detecting local quantum correlations
[40, 41], and for simulating open quantum systems and quantum phase transitions [42–44],
where a phenomenological access to manipulate quantum information properties of trapped
1 In this case, the SU(2) is built as a subset of SL(2,C), which is homomorphic to the homogeneous Lorentz
group SO(1, 3).
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ions has been provided [45–47]. In particular, the ionic Jaynes-Cummings Hamiltonian
dynamics simulates a series of relativistic Dirac-like effects [48–50] which is mapped by a
SU(2)⊗SU(2) bi-spinor structure typical from such ionic systems, and which engenders the
entanglement of two-qubit states, in this case, related to Hilbert subspaces associated to
total angular momentum and to its projection onto the direction of an external magnetic
field which lifts the ion’s internal levels [36, 37]. Trapped ions are closed systems over which
localizing interactions can generate decoherence and degradation of quantum correlations
between the subsystems [51–53]. Such systems devised to eliminate decoherence and de-
phasing generated by a global noise [54] in qubit memory engineering [55–58]. In such a
context, for instance, local effects related to Dirac-like localized structures can be relevant
in describing quantum decoherence, at least, from a preliminar theoretical perspective.
Still from a theoretical perspective, the SU(2) ⊗ SU(2) Dirac bispinor structure ex-
hibits an entanglement profile that is invariant under Lorentz rotations, quantitatively pre-
served at any reference frame. The information related to the spin polarization and the
SL(2,C) ⊗ SL(2,C) correlated information related to the intrinsic parity are mutually in-
volved into Dirac bispinor correlations. Given that parity operations exchange two irre-
ducible representatons (irreps) of the Poincare´ group, an adequate procedure for discussing
entanglement must be yielded in terms of irreps of the complete Lorentz group. It is required
by the condition that the SU(2)⊗SU(2) symmetry is only one of the inequivalent represen-
tations enclosed by the SL(2,C)⊗SL(2,C) symmetry. Therefore, the inclusion of confining
properties in that formalism, namely for obtaining the for spin-parity quantum concurrence
as an entanglement quantifier is relevant along the discussion of quantum correlations for
physical system which can be covered by the SL(2,C)⊗ SL(2,C) symmetry.
Again, by identifying the map to low energy Dirac-like systems, the relation between the
intrinsic entanglement of non-confined Dirac equation solutions and the entanglement of low
energy mesoscopic quantum systems has already been investigated, for instance, for bilayer
graphene excitations, in the stable configuration of the Bernal stacking [60, 61]. In this case,
the tight binding Hamiltonian (including both bias voltage and mass terms) [37, 60–62],
when it is written in the reciprocal space, can be directly identified with a modified Dirac
Hamiltonian including external pseudovector and tensor potentials, which maps lattice and
layers associated Hilbert spaces for graphene [37, 62].
As a first step in close connection with the above-mentioned quantum scenarios, the
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obtained theoretical tools are used for quantifying (relative) purities and the mutual infor-
mation for a charged fermion trapped by a uniform magnetic field which, by the way, has
the phase-space structure completely described in terms of Laguerre polynomials associated
to the quantized energy Landau levels. In such a context, the issue of spin-parity quantum
concurrence for measuring the quantum entanglement is also worked out. Our work can
be read as a preliminary systematic approach for computing the elementary information
content of Dirac-like systems exhibiting some kind of confining behavior.
Our manuscript is thus organized as follows. In Section II, the Wigner formalism for de-
scribing Dirac spinor structures [31, 32] is recovered in the context of a covariant phase-space
formulation of Dirac equation solutions through which the Dirac spinor Wigner operators de-
composed into Poincare´ classes of SU(2)⊗SU(2) spinor couplings are identified. In Section
III, the quantum information quantifiers for purity and mutual information involving spin-
parity and position-momentum degrees of freedom are obtained. In particular, the definitive
expression for quantum purity is identified in terms of phase-space positively defined quanti-
ties as well as in terms of the spin-parity traced-out associated density matrixe in the position
coordinate representation. As a generic application, in Section IV, the (relative) purities and
the mutual information content for a charged fermion trapped by a uniform magnetic field
are analytically obtained, given that its phase-space structure can be completely described
in terms of Laguerre polynomials associated to the Landau levels. As mentioned above, the
issue of spin-parity quantum entanglement is also addressed along this section. Finally, our
conclusions are drawn in Section V, in order to point to extensions of this formalism.
II. WIGNER-DIRAC FUNCTIONALS AND THE SPINOR DECOMPOSITION
The quantum mechanical analogue of the classical phase-space distribution function is
the so-called Wigner function, ω(x, kx) which is obtained through the Weyl transform of a
generic quantum operator, Oˆ,
OW (x, kx) = 2
∫ +∞
−∞
du exp [2 i kx u/~] 〈x− u|Oˆ|x+ u〉 = 2
∫ +∞
−∞
dr exp [−2 i x r/~] 〈kx − r|Oˆ|kx + r〉, (3)
when it is applied into a density matrix operator, ρˆ = |ψ〉〈ψ|, as to return
h−1ρˆ→ ω(x, kx) = (pi~)−1
∫ +∞
−∞
du exp [2 i kx u/~]ψ∗(x− u)ψ(x+ u), (4)
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which can also be interpreted as the Fourier transform of the off-diagonal elements of the
associated density matrix.
By applying the Weyl’s correspondence principle onto the relativistic field theory, the
phase-space distribution function reads the ensemble average of the Wigner operator, which
is written in the following covariant form [32],
Wˆξλ(x, k) = pi
−4
∫
d4u exp [−2 i kµuµ]ψλ(x) exp[iuµ∂†µ] exp[−iuµ∂µ]ψξ(x)
⇒ Wξλ(x, k) = pi−4
∫
d4u exp [−2 i kµuµ]ψλ(x− u)ψξ(x + u), (5)
where ~ has been set equal to unity, and the exponentialized derivatives – ∂†µ (to the left)
and ∂µ (to the right) – are the generators of 4-dim translations and the Heisenberg spinor
operators are identified by the subindices, λ and ξ, which define the 4 × 4 components of
the above Wigner operator. With the 4-dim momentum operator identified by pˆ ≡ pˆµ =
(i/2)(∂µ − ∂†µ), the integration over u results into
Wξλ(x, k) = 〈: ψλ(x) δ(4)(k− pˆ)ψξ(x) :〉 (6)
where the colons indicate the normal ordering with respect to the vacuum state, and brackets
indicate averaged values.
In particular, the trace of Wξλ(x, k), i. e.
∑
λWλλ(x, k), returns the Lorentz scalar
density of Dirac fermions at aspace-time point xµ, with quadrimomentum kµ. It can be
noticed from the fermion vector current given by
e−1〈jµ(x)〉 = 〈: ψ(x) γµ ψ(x) :〉 = Tr
[∫
d4k γµ 〈: Wˆ (x, k) :〉
]
= Tr
[∫
d4k γµW (x, k)
]
, (7)
which can work as the setup for obtaining the equation of motion for the Wigner function
[32, 33]. However, unlike classical and non-relativistic quantum distribution functions, the
relativistic Wigner function depends on time-like coordinates, which naturally introduces
some manipulation difficulties. On one hand, in gauge quantum field theories, for instance, it
demands for modifications in order to ensure local gauge invariance, given that the invariant
translations defined by iyµ∂µ are not well defined in gauge theories [32]. On the other hand,
the physical observables related to averaged value calculations do not return finite values for
the time-like component of the volume integration. In this case, one should be concerned
with the problems of the Wigner framework in providing an effective predictability in case of
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frame-defined calculations, which can only be circumvented when the localization properties
are correctly addressed 2.
Fortunately, in the context of the Wigner formalism, considering the notation from
Eq. (5), the most appealing configuration for the spinor fields that engenders the Wigner
distribution is given in terms of
ψλ(x± u) = ψλ(x± u) exp[−ik(λ)0 (t+ τ)], (8)
where λ is the spinor index, and k0, t and τ are the respective time-like components of kµ, xµ
and uµ. It supports the definition of an auxiliary operator identified by the energy-averaged
operator
ωξλ(x, k; t) =
∫ +∞
−∞
dEWξλ(x, k)
= pi−1 exp[i(k(λ)0 − k(ξ)0 )t]
∫ +∞
−∞
dτ
∫ +∞
−∞
dE exp[−i(2E − k(λ)0 − k(ξ)0 )τ ]
× pi−3
∫
d3u exp[2ik · u]ψλ(x− u)ψξ(x + u)
= 2 exp[i(k
(λ)
0 − k(ξ)0 )t]
∫ +∞
−∞
dE δ(2E − k(λ)0 − k(ξ)0 )
× pi−3
∫
d3u exp[2ik · u]ψλ(x− u)ψξ(x + u)
= pi−3 exp[i(k(λ)0 − k(ξ)0 )t]
∫
d3u exp[2ik · u]ψλ(x− u)ψξ(x + u), (9)
which is noway affected by time-like τ and E useless integrations, and which exhibits the
properties of an Euclidian phase-space quasi-distribution of probabilities normalized by
pi−3
∫
d3x
∫
d3kωξλ(x, k; t) = δξλ, (10)
which, according to such an approach, also results into an Euclidian version of Eq. (7),
e−1〈jλξµ (x; t)〉 = Tr
[∫
d3k γµ ωξλ(x, k; t)
]
(11)
which, of course, describes stationary states for λ = ξ and gives normalized probability
distributions as
e−1
∫
d3x〈j0(x; t)〉 =
∫
d3xTr
[∫
d3k γ0 ω(x, k; t)
]
= 1, (12)
2 Similar to what happens for equal time procedures in the computation of quantum propagators in canonical
quantum field theories.
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where the spinor indices were momentarily suppressed.
Finally, in order to clear up the meaning of the spinor structure into the Wigner phase-
space formalism, one can decompose the spinor structure of the Wigner function in the
matrix form in terms of the 16 independent generators of the Clifford algebra. For the
conventional basis in a Dirac representation form, with the gamma matrices written as
γ0 = β, γj = βαj, and with {γµ, γν} = 2gµν , {γµ, γ5} = 0 and σµν = (i/2)[γµ, γν ], one has
[32]
ω({q}) ≡ S({q}) + i γ5 Π({q}) + γµ Vµ({q}) + γµγ5Aµ({q}) + 1
2
σµνT µν({q}), (13)
with {q} ≡ {x, k; t}, and where the sum brings up successive scalar, pseudoscalar, vec-
tor, axial vector, and antisymmetric tensor contributions (under Lorentz transformation),
respectively described by
ω({q}) ≡ S({q}) = 1
4
Tr[ω({q})], (14)
Π({q}) = − i
4
Tr[γ5 ω({q})], (15)
Vµ({q}) = 1
4
Tr[γµ ω({q})], (16)
Aµ({q}) = 1
4
Tr[γ5γ
µ ω({q})], (17)
T µν({q}) = −T νµ({q}) = 1
4
Tr[σµν ω({q})]. (18)
From now on, once the above introduced frame-defined approach has been stablished, one
has the essential elements for computing quantum information quantifiers for phase-space
Dirac-like Wigner quantum systems.
III. QUANTUM PURITY AND MUTUAL INFORMATION UNDER SPATIAL
LOCALIZATION
Considering the statistical aspects related to the definition of the density matrix opera-
tors, where the Wigner formalism admits extensions from pure states to statistical mixtures,
the phase-space purity P in 1-dim is read as
P = Tr{x,kx}[ρˆ2] = 2pi
∫ +∞
−∞
dx
∫ +∞
−∞
dkxW (x, kx)
2, (19)
where the factor 2pi is introduced to satisfy the constraint of Tr{q,p}[ρˆ2] = 1 for pure states.
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The straightforward extension of the above definition to Dirac spinors results into
P = (2pi)3
∫
d3x
∫
d3kTr
[(
γ0ω(x, k; t)
)2]
= (2pi)3
∫
d3x
∫
d3kTr
[
ω(x, k; t)ω†(x, k; t)
]
(20)
which, by the way, results into a positive definite quantity given by (cf. Eqs. (13)-(18))
P = 4× (2pi)3
∫
d3x
∫
d3k
[
S2 + Π2 + VµV µ˜ +AµAµ˜ + 1
2
TµνT µ˜ν˜
]
, (21)
where the tilde “∼” over the indices “µ” and “ν” denotes the conversion of Minkowskian
products into auxiliary Euclidian products defined by
VµV µ˜ =
3∑
s=0
V2s , AµAµ˜ =
3∑
s=0
A2s, and TµνT µ˜ν˜ =
3∑
s=0
(T 20s +
3∑
j=1
T 2js).
An equivalent alternative (also 3-dim reduced) expression for P can be obtained directly
from Eq. (9) as
P = (2pi)3
∫
d3x
∫
d3k
∫
d3u
pi3
∫
d3w
pi3
exp[2ik · (u−w)]
×Trξξ′
[
γ0ψλ(x− u)ψξ(x + u) γ0 ψλ(x−w)ψξ′(x + w)
]
= 23(2pi)3pi−3
∫
d3x
∫
d3w
∫
d3w δ(3)(2(u−w))
× Trξξ′
[
γ0ψλ(x− u)ψξ(x + u) γ0 ψλ(x− u)ψξ′(x + u)
]
= 23
∫
d3x
∫
d3uTrξξ′
[
γ0ψλ(x− u)ψξ(x + u) γ0ψλ(x− u)ψξ′(x + u)
]
, (22)
where , again, the factor (2pi)3 was introduced so as to satisfy the unitary constraint for the
purity. By noticing that γ0 ω γ0 = ω
†, and consequently,
Trξξ′
[
γ0ψλ(x− u)ψξ(x + u) γ0ψλ(x− u)ψξ′(x + u)
]
= Trξξ′
[
ψξ(x + u)
(
ψλ(x− u)ψλ(x− u)
)
ψξ′(x + u)
]
= %(x− u)%(x + u), (23)
with
%(r) = ψλ(r)ψλ(r) =
4∑
λ=1
ψλ(r)ψλ(r) = ψ(r)ψ(r),
one obtains
P =
∫
d3x
∫
d3u %(x− u/2)%(x + u/2), (24)
which allows for obtaining the purity directly from the coordinate representation of the Dirac
spinors.
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One can go further in order to compute the mutual information involving spin-parity
and position-momentum degrees of freedom. In this case, the partial trace related to spin-
parity degrees of freedom is identified by ρ(x, k; t) = Trξλ[ωξλ(x, k; t) γ0] as well as the
partial trace related to position-momentum degrees of freedom is identified by the averaged
integration of ωξλ (γ0) over the phase-space volume V , with dV = d
3x d3k,
〈ωξλ γ0〉 = 〈ωξλ〉γ0 =
∫
d3x
∫
d3k ωξλ(x, k; t)γ0.
Then, the relative linear entropies related to discrete spin-parity (SP ) and continuous
position-momentum (x, k) variables result, respectively, into
ISP = 1− Tr [(〈ωξλ〉γ0)2]
= 1− 4
[
〈S〉2 + 〈Π〉2 + 〈Vµ〉〈V µ˜〉+ 〈Aµ〉〈Aµ˜〉+ 1
2
〈Tµν〉〈T µ˜ν˜〉
]
, (25)
and
I{x,k} = 1− (2pi)3
∫
d3x
∫
d3k (ρ(x, k; t))2
= 1− 16× (2pi)3〈V20 〉. (26)
Of course, the above identified elementary structures are much more appealing when
applied into the investigation of complex Dirac-like quantum problems, as for instance,
those emulated by trapped ion platforms [36] and bilayer graphene configurations [37]. As
reported in Refs. [34, 35], the spin-parity intrinsic structure of Dirac spinors admits the
inclusion of interacting properties as they appear in Dirac Hamiltonians like [36, 37]
H = QA0(x) I4 + β(m+ φS(x)) +α · (p−QA(x)) + iβγ5m(x)− γ5q(x) + γ5α ·W (x)
+ iγ · [ζaB(x) + κaE(x) ] + γ5γ · [κaB(x)− ζaE(x) ], (27)
which also transforms according to Poincare´ symmetries described by the extended Poincare´
group [63]. In particular, it involves interactions with external vector fields Aµ =
(A0(x), A(x)), non-minimal couplings with magnetic and electric fields, B(x) and E(x), as
well as pseudovector field interactions Aµ5 ∼ (q(x), W (x)), and scalar and pseudoscalar field
couplings through φS(x) and m(x), respectively. Depending on the complexity of the Dirac-
like interactions, the computation of quantum information quantifiers can be extremely
simplified through the properties identified along this section.
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In the next section, as a standard application, our analysis shall be constrained to the
phase-space description of a charged fermion trapped by a magnetic field, for which the
computation of quantum purity and relative entropy quantifiers shall be now immediate.
IV. PHASE-SPACE DESCRIPTION OF A CHARGED FERMION TRAPPED BY
A MAGNETIC FIELD
The Dirac Hamiltonian for a charged fermion of mass m trapped by a magnetic field,
B =∇×A, is given by
HB = α · (p + (−1)r eA) + βm, (28)
where e is the positive unit of charge, r = 1(2) for positive(negative) intrinsic parity states,
and ~ and c have been set equal to unity. The stationary eigenstates of the above Hamiltonian
can be systematically identified by the state vector, ψ, as
ψ = e−i E t
 φa
φb
 , (29)
where E describes the energy eigenvalues, and the ψ spinor structure is decoupled into 2-
component spinors, φa,b. In the coordinate representation, with p ≡ −i∇, the corresponding
eigenvalue equation can be separated into two coupled equations as
(E −m)φa = σ · (−i∇+ (−1)r eA)φb, (30)
(E +m)φb = σ · (−i∇+ (−1)r eA)φa, (31)
with σ = (σx, σy, σz).
Substituting the expression for φb from Eq. (31) into Eq. (30), one has
(E2 −m2)φa =
[
σ · (−i∇+ (−1)r eA)
]2
φa
=
[
−∇2 + (eB)2x2 − (−1)r eB(2i x ∂
∂y
− σz)
]
φa, (32)
where, among several gauge-allowed possibilities (not relevant at this point), the vector
potential has been identified by A = B x yˆ, which gives rise to a uniform magnetic field of
magnitude B along the z-direction. It leads to simultaneous eigenstates of HB, px and py
expressed in terms of the 2-component spinor, φa, written as
φa ≡ φ±a (x) = exp[i(kyy + kzz)]F±(x)χ±, (33)
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where χ± are the unitary 2-component spinor eigenvectors of σz, with respective eigenvalues
±1, and F±(x) satisfy
d2F±
dx2
− (eB x+ (−1)rky)2F± + (E2 −m2 − k2z ∓ (−1)reB)F± = 0 , (34)
obtained from Eq. (32), which can be put into the form of the Hermite’s equation,[
d2
ds2r
− s2r + ζr,±
]
F±(sr) = 0 , (35)
for
sr =
√
eB
(
x+ (−1)r ky
eB
)
, (36)
and
ζr,± =
E2 −m2 − k2z ∓ (−1)reB
eB . (37)
Provided ζr,± = 2n+ 1 for n = 0, 1, 2, . . . , which results into the energy eigenvalues
E2n,± = m
2 + k2z + [(2n+ 1)∓ (−1)r] eB, (38)
the solutions F±(s) are then identified by
F±(s) = Fn(s) =
( √
eB
n! 2n
√
pi
)1/2
e−s
2/2Hn(s), (39)
where Hn are the Hermite polynomials of order n such that Fn satisfy orthonormalization
and completeness relations given respectively by∫ +∞
−∞
Fn(s)Fm(s) ds =
√
eB δnm, (40)
and ∑
n
Fn(s)Fn(s′) =
√
eB δ(s− s′) = δ(x− x′). (41)
The above expression for the energy eigenvalues has an infinite degeneracy with respect
to the continuous variable ky and it also exhibits a 2-fold degeneracy between the levels with
quantum numbers n − 1 and +(−), and n and −(+), and for positive(negative) intrinsic
parity states (r = 1(2))3, i. e.
E2n−1,+ = E
2
n,− = m
2 + k2z + 2n eB, for r = 1,
E2n−1,− = E
2
n,+ = m
2 + k2z + 2n eB, for r = 2.
3 It is a consequence of the generalized helicity σ · (p + (−1)r eA) which commutes with the Hamiltonian.
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Adopting the value of
±En = ±
√
m2 + k2z + 2n eB (42)
as the energy of the n-th Landau level related to positive and negative intrinsic parity
solutions, after some straightforward mathematical manipulations, the complete form of the
eigenspinor solutions for the Hamiltonian Eq. (30) can be finally expressed by
exp[i((−1)rEn t+ kyy + kzz)]u±n,r(sr), (43)
with
u+n,1(s1) =
√
ηn

Fn−1(s1)
0
AnFn−1(s1)
−BnFn(s1)
 , u−n,1(s1) =
√
ηn

0
Fn(s1)
−BnFn−1(s1)
−AnFn(s1)
 , (44)
and
u−n,2(s2) =
√
ηn

AnFn−1(s2)
BnFn(s2)
Fn−1(s2)
0
 , u+n,2(s2) =
√
ηn

BnFn−1(s2)
−AnFn(s2)
0
Fn(s2)
 , (45)
where
An =
kz
En +m
, Bn =
√
2n eB
En +m
, and ηn =
En +m
2En
. (46)
Considering that the multiplicative exponential factor from Eq. (43) does not affect the
computation of pure state Wigner functions4, the following analysis can be reduced to an ef-
fective 1-dim calculation where the relevant quantities are obtained from the spinors u±n,r(sr).
4 For gauge field interactions, as it is supposed from electrons trapped by magnetic fields, slowly varying
external (c-number) fields can be expanded as Fµν(x+x′) ≈ Fµν(x)+xλ∂λFµν(x) where the c-number field
is homogeneous if the derivative term can be neglected. In the case where the gauge field is summarized
by the variable B (z-direction), in a typically homogeneous configuration, the associated Wigner function
coincides with the naive gauge dependent definition (cf. Sec. 4.1 of Ref. [31]) the momentum in the
exponential of the Fourier transform is replaced by (p + (−1)r eA) which, for the field configurations
considered here, leads to the simple redefinition of the quantum mechanical momentum component ky as
piy = ky + (−1)r eBx), which is averaged out by (y, piy) integrations. Gauge invariance is not relevant for
the quantum information 1-dim analysis here performed.
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Once the spinor probability distributions for the pure eigenstates have been put in the ma-
trix form, u†±n,r(sr) γ0 u
±
n,r(sr), the following set of pure state Dirac-like Wigner functions can
be obtained (cf. the 1-dim reduced version of Eq. (9)),
ω+n,1(s1, kx) = ηn

L(1)n−1 0 −An L(1)n−1 BnM(1)n
0 0 0 0
An L(1)n−1 0 −A2n L(1)n−1 AnBnM(1)n
−BnM(1)n 0 AnBnM(1)n −B2n L(1)n
 , (47)
ω−n,1(s1, kx) = ηn

0 0 0 0
0 L(1)n BnM(1)n An L(1)n
0 −BnM(1)n −B2n L(1)n−1 −AnBnM(1)n
0 −An L(1)n −AnBnM(1)n −A2n L(1)n
 , (48)
ω−n,2(s2, kx) = ηn

A2nL(2)n−1 AnBnM(2)n −An L(2)n−1 0
AnBnM(2)n B2n L(2)n −BnM(2)n 0
An L(2)n−1 BnM(2)n −L(2)n−1 0
0 0 0 0
 , (49)
ω+n,2(s2, kx) = ηn

B2nL(2)n−1 −AnBnM(2)n 0 −BnM(2)n
−AnBnM(2)n A2n L(2)n 0 An L(2)n
0 0 0 0
BnM(2)n −An L(2)n 0 −L(2)n
 , (50)
where
L(r)n ≡ Ln(sr, kx) = (−1)n
√
eB exp [−(s2r + k2x)] Ln [2(s2r + k2x)] , (51)
with Ln corresponding to the Laguerre polynomials of order n, such that∫ +∞
−∞
dx
∫ +∞
−∞
dkx Ln(sr, kx) = 1, (with dsr =
√
eB dx), (52)
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and
M(r)n ≡ Mn(sr, kx)
=
√
n eB
2n−
3
2n!
√
pi
exp
[−s2r] ∫ +∞
−∞
du exp [2 i kx u] exp
[−u2]×
1
2
{
Hn(sr + u)Hn−1(sr − u) +Hn−1(sr + u)Hn(sr − u)
}
=
√
eB
2n+
1
2n!
√
npi
exp
[−s2r] ∫ +∞
−∞
du exp [2 i kx u] exp
[−u2] d
dsr
{
Hn(sr + u)Hn(sr − u)
}
= (−1)n
√
eB
23n
exp
[−(s2r + k2x)]( ddsrLn [2(s2r + k2x)]
)
, (53)
which is an odd function of sr and therefore∫ +∞
−∞
dx
∫ +∞
−∞
dkxMn(sr, kx) =
∫ +∞
−∞
dsr
∫ +∞
−∞
dkxMn(sr, kx) = 0. (54)
Besides the above orthonormalization integrations, one should notice that
ρ
+(−)
(s1(2), kx) = Tr
[
ω
+(−)
n,1(2) γ0
]
= ηn
[
(1 + A2n)L(1(2))n−1 +B2nL(1(2))n
]
,
ρ
−(+)
(s1(2), kx) = Tr
[
ω
−(+)
n,1(2) γ0
]
= ηn
[
(1 + A2n)L(1(2))n +B2nL(1(2))n−1
]
, (55)
which, as expected, once sr is replaced by its x dependent expression, result into∫ +∞
−∞
dx
∫ +∞
−∞
dkxρ
±
(sr(x), kx) = ηn
[
(1 + A2n) +B
2
n
]
= 1. (56)
From the above quantities, quantum purity and relative linear entropies can be straight-
forwardly computed. Of course, the quantum purity for pure eigenstates results into unity5,
P = 1. The relative linear entropies related to discrete spin-parity (SP ) and continuous
(1-dim reduced) position-momentum (x, kx) degrees of freedom are respectively given by
ISP = 1− Tr
(γ0 ∫ +∞
−∞
dx
∫ +∞
−∞
dkx ω
±
n,r(sr, kx)
)2 = 1− η2n [(1 + A2n)2 +B4n] , (58)
5 In this case, one has
P = 2pi√
eB
∫ +∞
−∞
dx
∫ +∞
−∞
dkxTr
[
ω+n,1(2) γ0 ω
+
n,1(2) γ0
]
=
2pi√
eB
∫ +∞
−∞
dx
∫ +∞
−∞
dkxTr
[
ω−n,2(1) γ0 ω
−
n,2(1) γ0
]
=
2pi√
eB η
2
n
∫ +∞
−∞
dx
∫ +∞
−∞
dkx
[(
1 +A2n
)2 L2n−1(n) + 2B2n (1 +A2n)M2n +B4nL2n(n−1)] =
= η2n
[
(1 +A2n) +B
2
n
]2
= 1, (57)
where the explicit dependence on (sr, kx) has been suppressed from the notation, and the multiplicative
parameter 1/
√
eB appears due to the choice of the normalization conditions.
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and
I{x,kx} = 1−
2pi√
eB
∫ +∞
−∞
dx
∫ +∞
−∞
dkx
(
ρ
±
(sr(x), kx)
)2
= 1− η2n
[
(1 + A2n)
2 +B4n
]
, (59)
which exhibit coincident values.
Finally, the complete expression for the mutual information between spin-parity (SP )
and position-momentum (x, kx) degrees of freedom, in terms of the quantum number n and
the interacting parameter eB (cf. Eq. (46)) is explicitly given by
MSP{x,kx}(n) = I{x,kx} + ISP − (1− P)
= 4η2n(1 + A
2
n)B
2
n
=
2n eB
m2 + k2z + 2n eB
[
1 +
k2z
(
√
m2 + k2z + 2n eB +m)2
]
=
2n 
1 + κ+ 2n 
[
1 +
κ
(
√
1 + κ+ 2n + 1)2
]
, (60)
with  = eB/m2 and κ = k2z/m2, and which is depicted in Fig. 1. Assuming that the
kinematical regime is driven by κ (in the case where ky is not relevant), one notices that
MSP{x,kx} is highly suppressed for ultra-relativistic regimes and it vanishes for κ → ∞. For
non-relativistic regimes (κ → 0), one has MSP{x,kx}(n) → 2n /(1 + 2n ), which saturates to
unity for large n values.
To summarize, MSP{x,kx}(n) measures how much information is communicated, on average,
in spin-parity Hilbert space about the phase-space, and vice-versa, evidently, due to the
coupling property of the magnetic field. Free fermions do not exhibit such a mutual influence.
Of course, the way it has been obtained accounts for all the subtleties of the Dirac equation
solutions in the phase-space. One of these subtle aspects can also be identified in terms of
the local phase-space behavior of the (non integrated) quantum purity
P+(−)(s1(2), kx) = Tr
[
ω
+(−)
n,1(2) γ0 ω
+(−)
n,1(2) γ0
]
= η2n
[(
1 + A2n
)2 L2n−1(s1(2), kx)+
2B2n
(
1 + A2n
)M2n(s1(2), kx) +B4nL2n(s1(2), kx)] , (61)
P−(+)(s1(2), kx) = Tr
[
ω
−(+)
n,1(2) γ0 ω
−(+)
n,1(2) γ0
]
= η2n
[(
1 + A2n
)2 L2n(s1(2), kx)+
2B2n
(
1 + A2n
)M2n(s1(2), kx) +B4nL2n−1(s1(2), kx)] ,(62)
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which emphasize the discrimination between ω
+(−)
n,1(2) and ω
+(−)
n,2(1) associated spinor states, as
depicted through the phase-space behavior in Fig. 2. In spite of exhibiting the same relative
linear entropies, as well as the same mutual information between spin-parity and phase-space
coordinates, the plots from Fig. 2 certify that such a correspondence is due to an averaged
behavior: locally, the purity related to spin-parity components depends on the combination
between spin (±) and parity (r = 1, 2) quantum configurations.
A. Spin-parity intrinsic quantum concurrence for charged fermions in a uniform
magnetic field
Considering that several theoretical tools [64, 65] can be used for the measuring the quan-
tum entanglement, one can preliminarily suppose that, at least for the Dirac spinor structure
discussed in the previous section, the entanglement of formation (EoF)[66] – the convex-roof
extension of the von Neumann entropy of the quantum state %, EvN [%] – introduced as the
mean value of the pure-state entanglement, which is minimized over the total number of
decompositions of the mixed state % on pure states, %k,
EEoF [%] = min%k
∑
k
qkEvN [%k], (63)
can be assumed as the driver measure of quantum entanglement.
For two-qubit states, the EoF is obtained in terms of the quantum concurrence [66], C[%],
as
EEoF [%] = E
[
1−√1− C2[%]
2
]
, (64)
with E [λ] = −λ log2 λ− (1− λ) log2(1− λ), and where C[%] can straightforwardly identified
as an entanglement quantifier given by defined as [66]
C[%] = max{ω1 − ω2 − ω3 − ω4 , 0}, (65)
where ω1 > ω2 > ω3 > ω4 are the eigenvalues of the operator
√√
% (σy ⊗ σy)%∗(σy ⊗ σy)√% .
In the scope of the spin-parity intrinsic entanglement for Dirac spinor solutions, for a
generic pure state described by |w〉〈w|, the qubit-flip operation returns |w˜〉〈w˜|, with
|w˜〉 = σ(1)y ⊗ σ(2)y |w∗〉, (66)
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where “∗” denotes the complex conjugation operator. In this case, by identifying the asso-
ciated density matrix with % = |w〉〈w|, one has the quantum concurrence given by
C[%] =
√
〈w|ρ˜|w〉 = |〈w|w˜〉| =
√
Tr[%%˜], (67)
with %˜ = |w˜〉〈w˜|. Once that % can be generically identified by
% =
1
4
[
I + (σ(1) ⊗ I(2)) · a+ (I(1) ⊗ σ(2)) · b+
3∑
i,j=1
tij(σ
(1)
i ⊗ σ(2)j )
]
, (68)
where tij are the elements of the correlation matrix, T , and a and b are the Bloch vectors of
the corresponding subsystems, for pure states, where a2 = b2, and the concurrence is simply
given by
C[%] =
√
1− a2. (69)
Once one has the phase-space structure for Dirac spinors as identified through the
Wigner functions from the previous section, the intrinsic quantum correlation between
spin and parity can be straightforwardly evaluated in terms of the quantum concur-
rence of γ0 ω
±
n,r correspondent to %, given a natural correspondence with %˜ identified by
γ˜0 ω±n,r = (−iγ2)γ0 ω±n,r (−iγ2). To be more specific, given that the qubit-flip operator
σ
(P )
y ⊗ σ(S)y is identified by −i γ2, the corresponding qubit-flipped operators are identified
by γ˜0 ω±n,r = (−1)γ2γ0 ω±n,r γ2, such that Tr[γ˜0 ω±n,r] = Tr[γ0 ω±n,r], where (γ2)2 = −1. For
the calculation of the square of the quantum concurrence, one typically has
C2[ω±n,r] = Tr[γ0 ω±n,r γ˜0 ω±n,r] = (−1)Tr[ω±n,r γ2γ0 ω±n,r γ2γ0], (70)
which, for the magnetically trapped electron(positron) pure state Dirac-Wigner solutions
from the previous section, results into
C2[ω±n,r] = −2η2nB2nL(r)n L(r)n−1 ≡ −
n eB
m2 + k2z + 2n eB
L(r)n (sr, kx)L(r)n−1(sr, kx) (71)
which, despite averaging out to zero, exhibits a subtle phase-space localized pattern similar
to that for quantum purity, as depicted in Fig. 3.
In both cases, for quantum purity and quantum concurrence, besides the evinced cylin-
drical symmetry, the number of radial nodes increase with the quantum numbers. The
local characteristic associated to spin-parity degrees of freedom is distributed over all the
phase-space, being more concentrated around kx = 0 and x = ±ky/eB (sr = 0).
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To summarize, a short note on the Gordon decomposition of Dirac density currents
is necessary, given its relevance in the interpretation of the Dirac equation as well as in
establishing the correspondence between Maxwell-Dirac and Maxwell-Lorentz theories [67–
70]. Through the notation adopted along this work, Dirac density currents are identified
by
Q−1jµ(x) = ψ(x) γµ ψ(x) =
∫
d3k Tr [ γµ ω(x, k; t)] = 4
∫
d3kVµ(x, k; t), (72)
jµ5 (x) = ψ(x) γ5 γ
µ ψ(x) =
∫
d3k Tr [ γ5 γµ ω(x, k; t)] = 4
∫
d3kAµ(x, k; t), (73)
respectively for the charge (vector) and chiral (axial) current densities, which respectively
couple to Aµ = (A0(x), A(x)) and Aµ5 ∼ (q(x), W (x)) (cf. Eq. (27)), and
jµν(x) = ψ(x)σµν ψ(x) =
∫
d3kTr [σµν ω(x, k; t)] = 4
∫
d3k T µν(x, k; t), (74)
for the (spin-associated) tensor current densities, from which∫
d3x j0k(x) =
∫
d3xψ†(x) Σkψ(x) =
∫
d3x
∫
d3k Tr
[
γ0Σk ω(x, k; t)
]
= 〈Σk〉, (75)
is the spin component averaged contribution to the spin current [67, 71]. As it can be noticed,
the averaged values of the above quantities lead to the same variables that contribute to
the computation of P and C, however, neither a general rule can be formulated, nor a
specific coincidence for the electrons driven by the Hamiltonian (28) can be identified even
considering that they depend on the same parameters introduced by Eq. (46).
Finally, despite not being pertinent to the localized static construction developed here,
the connection of the above quantities with quantum observables, namely the current asso-
ciated conductivities, is a little bit more enhanced. For charge and spin conductivities, they
are achieved through the Kubo linear response theory [71, 72], in terms of the functional
integrations like,
jµ(x) =
∫ +∞
−∞
dtKµν(t− t′)Aν(t′). (76)
for instance, for charge currents. In this case, for externally applied fields which are ho-
mogeneous in space, the kernel Kµν(t − t′) is obtained from the averaged current-current
correlation function, as
Kµν(t− t′) = i ~−1 θ(t− t′)
∫
d3x′ 〈[jµ(x), jν(x′)]〉T , (77)
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where θ is the Heaviside function, and 〈...〉T corresponds thermal average and which, as
mentioned above, is not concerned with intrinsic spin-parity properties fot the stationary
pure state solutions here investigated. In particular, the engendering of protocols associ-
ated to some non-stationary behavior, where phenomenological (measurable) currents could
be associated to purity and entanglement properties, demands for, at least, two quantum
state superposition, which makes the identification of spin-parity contributions much more
obscure. In fact, plethora of issues like that are much more closer to magneto-eletronic [73]
and spintronic [74] topics developed in the last decade.
At our stage, one could only superpose different chiral eigenstates, an look for chiral oscil-
lation implications on entanglement, or superpose different parity eigenstates, and look for
some connections with the zitterbewegung. But it is much more influenced by the superposi-
tion coefficients than by intrinsic spinor properties, as it has been emphasized in this work,
which is constrained to intrinsic spin-parity properties as the ground for next investigations.
V. CONCLUSIONS
The interpretation of quantum information correlations under the light of relativistic
quantum mechanics (or even of quantum field theory) has namely attained to the issues
concerned with how spin-spin and spin-momentum entanglement does change under Lorentz
boosts, in particular, in the context of describing communication schemes in the relativistic
framework [75–83]. In order to provide simplified forms for elementary information quantifier
tasks relevant to such scenarios, the phase-space information content related to spin-parity
and position-momentum degrees of freedom were investigated in the context of the (covari-
ant) Wigner formalism. Analytical expressions for computing quantum purity, relative linear
entropies, mutual information between such discrete and continuous degrees of freedom were
obtained. Extensions for the computation of spin-parity intrinsic entanglement were also
provided. In particular, the quantifying theoretical tools were applied for describing such an
elementary information profile of a charged fermion trapped by a uniform magnetic field. In
this case, the phase-space structure was completely obtained in terms of Laguerre polyno-
mials associated to the quantized energy Landau levels. Assuming that some mathematical
manipulability of the Weyl transformed associated quantum states has been identified, our
results are shown to be consistent with the grounds for treating Dirac-like Wigner described
20
phase-space quantum systems.
Conclusively, the first step in the systematic computation of the elementary information
content of Dirac-like systems exhibiting some localization aspects has been provided and it is
expected that the elementary structures here identified can be applied in the investigation of
more enhanced Dirac-like systems, as for instance, in trapped ion [36] and bilayer graphene
platforms [37] used to emulate relativistic Dirac equation properties.
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FIG. 1: (Color online) Mutual information MSP{x,kx} as function of n, for non-relativistic (κ = 0.01 (first
plot)) relativistic (κ = 1 (second plot)) and and ultra-relativistic (κ = 100 (third plot)) regimes. The plots
are for eB/m2 = 0.1 (red dots), 1 (blue dots) and 10 (black dots).
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FIG. 2: (Color online) Phase-space pattern of dimensionless (cf. normalization condi-
tion from Eqs. (51)-(52)) quantum purity for simultaneous spin-up(down) positive(negative) parity
states, (1/eB)P+(−)(s1(2), kx) (first row), and spin-up(down) negative(positive) intrinsic parity states,
(1/eB)P−(+)(s1(2), kx) (second row). The two sets of plots are for quantum numbers n from 1 to 4, with
κ = k2z/m
2 = 1 and  = eB/m2 = 1.
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FIG. 3: (Color online) Phase-space pattern of the spin-parity dimensionless (dimensionless cf. normaliza-
tion condition from Eqs. (51)-(52)) quantum concurrence (1/eB)C2[ω±n,r]. The set of plots are for quantum
numbers n from 1 to 4, with κ = k2z/m
2 = 1 and  = eB/m2 = 1.
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